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In this article, we study the robustness of the intra-atomic frequency comb (I-AFC) based quantum
memory against various environmental factors. The effect of the environment is incorporated as
random fluctuations in the parameters such as comb spacing and the optical depth, of the frequency
comb. We also study the effect of temperature on the quality of the quantum memory which is
quantified in terms of the efficiency of the photon storage. We found that the I-AFC is viable for
photon storage even for very large fluctuations in the parameters of the frequency comb. Moreover,
the temperature has a negligible effect on the quality of I-AFC. Our study conclusively establishes
the tenacious nature of the I-AFC.
I. INTRODUCTION
Quantum memory is a device which can store and
reemit photons on demand. Quantum memory is
essential for photonic quantum information processing
and long-distance quantum communications [1–3]. Along
with probabilistic single-photon sources, it can also be
used to achieve deterministic single-photon sources [4,
5]. Among the atomic ensemble based quantum
memories electromagnetically induced transparency [6–
12], controlled reversible inhomogeneous broadening [13–
18], gradient echo memory [19–22], Raman quantum
memory [23–26] and the atomic frequency combs
(AFCs) [27–33] are the most prevalent protocols for
photonic quantum memory. The basic idea behind
an atomic ensemble based quantum memory is the
controlled reversible transfer of information between the
light field and the atomic states. The incoming photons
are made to interact with the ensemble of atoms and the
excitation is transferred to a long-lived state. Reversing
the process results in the photon emission.
Atomic frequency comb based quantum memory relies
in artificially created frequency comb by reshaping
the inhomogeneously broadened spectrum by means of
optical hole burning in an ensemble of atoms. The
incoming photon is absorbed as a delocalized excitation
over the frequency comb. The comb-like structure of the
atomic spectrum results in a photon-echo at a later time;
hence the frequency comb serves as a delay line for the
photon. To achieve a on-demand quantum memory, the
excitation can be transferred to a long-lived spin state by
applying an appropriate pi-pulse. By applying another pi-
pulse the excitation can be transferred back to the excited
state which will be emitted in the photon-echo.
In the AFC based quantum memory, the photons
are stored as a delocalized excitation over all the teeth
of the frequency comb which are consist of billions of
atoms. Therefore, in order for AFC to work the entire
atomic ensemble must behave like a single quantum
∗ skgoyal@iisermohali.ac.in
system. A small relative fluctuation in the frequencies
of different atoms may give rise to strong decoherence in
the frequency comb resulting in no photon-echo. This
restricts the temperature range of AFC based quantum
memory to a few Kelvins.
The intra-atomic frequency comb (I-AFC) based
quantum memory is operationally similar to the one
using AFC [33]. The difference being that the frequency
comb in I-AFC is constructed using the degenerate
hyperfine energy levels of an atom. The degeneracy
in the hyperfine levels is lifted by applying external
magnetic field. Since the frequency comb is realized
with the atomic transition within each atoms, the perfect
coherence between various teeth of the frequency comb
is inherently ensured. This feature of I-AFC makes them
robust against some of the temperature effects such as
Doppler broadening [33]. Since, the frequency comb
is built in individual atoms, the I-AFC is capable of
providing quantum memory at the level of single atoms.
However, there are certain limitations of I-AFC which
may affect the efficiency of quantum memory.
One of the limitation of the I-AFC is that the frequency
comb is not always uniform. The non-uniformity can
be due to unequal absorption or due to unequal spacing
between different hyperfine states. Non-uniformity of the
frequency comb can cause low-efficiency for the storage
of photons. Although the Doppler broadening due to
temperature does not affect the I-AFC, the incoherent
thermal distribution in the ground state manifold can
result in lowering the efficiency. In this article, we
numerically study the effect of all these adversities on the
efficiency of the I-AFC based quantum memory. Effect
of random fluctuations in the absorption and the comb
spacing is incorporated by introducing randomness in the
said parameters stochastically and then the average is
taken over a number of trials. The effects of temperature
on the I-AFC is studied by calculating the density matrix
for the I-AFC system and calculating the photon-echo
explicitly.
Our study shows that the fluctuations in different
parameters in the I-AFC affect the efficiency of the
photon storage differently. For example, the fluctuations
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2in the absorption in different teeth of the comb, i.e.,
non-uniformity in the height of the teeth has negligible
effect on the efficiency. Whereas the fluctuations in
the comb spacing has significant effect. Although, the
effect of the comb spacing is stronger than the non-
uniform absorption, we have high efficiency even for large
fluctuations. Furthermore, this adverse effect can be
easily mitigated by increasing the finesse of the frequency
comb, which can be done by increasing the external
magnetic field. We also see that the incoherent thermal
population of the ground states of the I-AFC only affect
the absorption of different transitions, Temperature has
negligible effect on the efficiency. Hence, our study
conclusively establish the tenacious nature of I-AFC as a
quantum memory against a large class of environmental
effects.
The article is organised as follows: in Sec. II we
introduce the concepts useful to understand our results
and calculations. Here we briefly explain the concept
of AFC and I-AFC based quantum memory and the
calculations for photon-echo efficiencies in the forward
and backward propagation. In Sec. III we present our
results and numerical simulations for the effect of random
environment on the efficiency in I-AFC. We conclude in
Sec. IV.
II. BACKGROUND
In this section, we discuss the topics which are
relevant for results presented in this article. We start
by discussing the AFC protocol for quantum memory
followed by I-AFC protocol.
A. AFC
AFC typically consists of rare-earth ions doped in a
dielectric crystal [27, 28, 30, 31, 34–36]. The rare-earth
ions when doped in crystals experience in-homogeneously
broadened spectral lines due to their interaction with the
local environment in the host material. This spectrum
can be reshaped by applying narrow-band lasers to
transfer a fraction of population of ions corresponding to
a chosen frequency to a stable auxiliary state, resulting
in a hole in the spectrum. Repeating the process at
desired frequencies reshapes the spectrum to yield a
comb like structure [Fig. 1(a)]. In a uniform AFC, the
spacing between the neighboring teeth of the comb is
fixed (say ∆) and every tooth has a width of γ. In the
approximation that γ  ∆ the frequency of the n-th
tooth can be written as δn = ω0 +n∆ around some mean
frequency ω0. The total size of the frequency comb is
Γ = (2N + 1)∆ ∆ for 2N + 1 number of teeth.
When a photon of spectral width γp  ∆ is absorbed
in the AFC with 2N+1 number of teeth, the state of the
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FIG. 1. (Color online) (a) AFC with tooth width γ and comb
spacing ∆. The red curve shows the spectrum of width γp of
the incoming photon which interacts with the AFC. For the
AFC to work efficiently γp  ∆. (b) Forward and backward
efficiency η for AFC as a function of optical depth α˜L.
AFC can be formally written as [37, 38]
|Ψ〉AFC =
M∑
j=1
cjeiδjt |{ej}〉∏
k 6=j
|{gk}〉
 . (1)
Here |{gj}〉 and |{ej}〉 represent the ground and collective
single-excitation state of all the atoms with detuning
δj , respectively, and the cj ’s represent the absorption
coefficient of each tooth in the comb.
The probability of photon emission from the AFC is
P (t) = |∑Nj=−N cjeijt∆|2 where we have used δj = j∆.
The P (t) vanishes at all times t except for tn = 2npi/∆
for positive integers n resulting in n-th photon-echo.
The collective dynamics of electric field and the atomic
state of the AFC in the weak field approximation is
governed by the following Maxwell-Bloch equations [8,
39]
∂σge
∂t
= −iδσge + idegE(z, t), (2)
∂
∂t
± c ∂
∂z
E(z, t) = iωLdge
20V
∫
n(δ)σge(z, t, δ) dδ. (3)
Here n(δ) is the atomic spectral distribution which
characterize the AFC, δ = ωL − ωeg is the detuning
between light ωL and atomic transition ωeg. The σge ≡
σge(z, t) is the polarization operator in the Heisenberg
picture, deg is the transition dipole matrix element for
the transition |e〉-|g〉. The ± sign in Eq. (3) represent
the forward and backward propagating modes of light.
For the case of forward propogating modes, solving these
equations yields the output electric field Ef as a function
of z and the frequency ω, which reads
Ef (z, ω) = Ef (0, ω)e−Dz. (4)
The input and the output electric field are related by the
propagator D which is given by
D = −iα
∫
n(δ)
ω + δ
dδ − iω
c
, α =
|deg|2ωL
20cV
. (5)
3Here α is the absorption coefficient and V is the volume
of the atomic ensemble.
In Principle, the electric field in the time domain
Ef (z, t) can be calculated by taking the inverse Fourier
transform of Ef (z, ω); however, the expression for the
same will be very cumbersome. In the limit Γ γp  ∆,
and after propagating the electric field for a distance L,
a simplified expression for Ef (L, t) can be written as [28]
Ef (L, t) = e−(
√
2pi/F)2
(
α˜Le−α˜L/2
)
Ef (0, t− 2pi/∆),
(6)
with α˜ = α/F and the finesse F of AFC is the ratio
between comb spacing and tooth width, i.e., F = ∆/γ.
The AFC on its own results in a photon-echo which can
be thought of as a delay line which is typically of the order
of microseconds and solely depends on the comb spacing
∆. In order to achieve on-demand retrieval of the input
photon the excitation is transferred from the |e〉 state to
a long-lived spin state |s〉 by applying a pi-pulse. After
the storage time (limited by the lifetime of the spin state
|s〉) a second pi-pulse is applied to transfer the excitation
back to |e〉 which due to AFC will re-phase after time
2pi/∆ [30]. Thus, one can achieve an on-demand and
deterministic quantum memory.
Application of two pi-pulses results in the overall
sign change in the electric field which causes backward
propagation of light. If we apply the pi-pulses at time t =
pi/∆ the atomic polarization induced by the input electric
field will act as the source term for the backward field
propagation. On solving the Maxwell-Bloch equations,
the electric field in the backward mode can be written
as [28]
Eb(L, t) = e−(
√
2pi/F)2(1− e−α˜L) Ef (0, t− 2pi/∆), (7)
which is same as forward mode solution apart from the
factor 1− e−α˜L instead of α˜Le−α˜L/2.
The quality of the quantum memory is quantified by
the efficiency η which is defined as the ratio of the
intensity of light in the first echo to the input light, i.e.,
η =
∫ 3pi/∆
pi/∆
|E(L, t)|2 dt∫ |E(0, t)|2 dt . (8)
For high finesse (F  1) the efficiency for the
forward propagating modes of light becomes ηf =
(α˜L)2 exp(−α˜L) which can approach to a maximum
value of 54% for α˜L ≡ αL/F = 2 (Fig. 1(b)). Since F 
1 the forward mode requires high absorption (αL > F)
for maximum efficiency. The efficiency in the backward-
mode is ηb(L) = (1−e−α˜L)2 which can be optimized over
absorption and finesse to reach 100% (Fig. 1(b)).
Due to the strong interaction between the phonons in
the crystal and the rare-earth ions, AFCs are typically
realized at low temperatures (< 5k), making it difficult
for commercial use. Beyond these temperatures, the
phase coherence between the different atoms in the
frequency comb is lost and the AFC does not work as
a single quantum system. To overcome this problem one
can exploit the degeneracy in the atomic states of alkali
atoms to realize a frequency comb. Such frequency combs
are called I-AFC, which is introduced in the following
subsection.
B. I-AFC
In I-AFC we start by considering an optical transition
between hyper-fine degenerate energy levels {|gm〉} and
{|en〉} of an alkali atom. The degeneracy in the
excited and ground states is lifted by applying external
magnetic field with splitting proportional to magnetic
field. Collectively, all the dipole allowed transitions
between the ground state manifold and the excited state
manifold yield a comb like structure similar to the one in
Fig. 1(a), which is known as I-AFC [33].
The propagation of electromagnetic field through an
ensemble of atom possessing I-AFC can be calculated
using the Maxwell-Bloch equations. The propagator D
and absorption coefficient α for the dynamics reads
D =
∑
nm
αnm
1/2 + i/γ(n∆ + ω)
+
iω
c
, (9a)
αnm = Nρmm |dnm|
2
ωL
2~cγ
. (9b)
This results in the output electric [33]
E(L, ω) = E(0, ω)e−DL, (10)
where E(0, ω) is the input pulse with the mean frequency
ωL. Here γ, N and dnm are the tooth width, number
density of atoms and the transition dipole moment
between nth excited and mth ground state.
For simplicity we have assumed here that the
spacing between the teeth of the comb ∆ is uniform.
In real system such as Cesium atoms, the comb
spacing (controlled by external magnetic field) and the
absorption coefficient of each of the tooth can be non-
uniform.
Similar to AFC, the dynamics of the electric field in
I-AFC is completely characterized by the propagator
D, which inturn is controlled by the finesse F and
absorption coefficient α. Despite the differences between
the propagators of AFC and I-AFC [Eqs. (5) and (9a)],
they yield similar results for photon-echo and efficiencies
favoring high finesse and optical depths [33].
The calculations for the forward efficiency ηf in I-
AFC can be done by calculating the ratio between the
intensities in first echo and the total input intensity, as
given in Eq. (8). However, the efficiency for the back
scattering ηb requires an indirect approach [33]. In order
to calculate ηb, first we estimate the average α˜ for I-
AFC by comparing the I-AFC data with the AFC data
for the forward propagation. By comparing forward
4efficiencies of I-AFC with the Eq. (6) we obtain the
common overall factor (e−(
√
2pi/F)2) which along with α˜
is used to calculate the backward efficiencies.
III. RESULTS
Although, the propagation of light through I-AFC and
AFC is identical, in physical scenario the efficiencies can
be very different for the two. This is due to the fact that
in AFC a uniform frequency comb can be constructed on
demand and as desired; however, in I-AFC the shape
of the comb is determined by the atomic structure.
In general, naturally available frequency combs are not
uniform. Moreover, the fluctuations in the applied
magnetic field and spatial distribution of the atoms in
the ensemble may also result in non-uniform frequency
comb. There are several other factors which can cause
low efficiency in I-AFC. In this section, we address the
effects of (i) random comb spacing, (ii) random optical
depth, and (iii) thermal effects on the efficiency in I-AFC.
Since each of the atom in the ensemble possesses its
own frequency comb and the atoms are in an incoherent
mixture, the light emitted from each atom contributes
incoherently in the total outcome, i.e., |Etotal|2 =∑
n |En(z, t)|2. Here En is the light emitted by the n-th
atom.
For the purpose of calculations, we consider an I-AFC
with a total of seven teeth and light pulse with Gaussian
spectrum of the following form:
E˜(0, ω) = exp
[
− ω
2
2(2∆)2
]
, (11)
where ∆ is the comb spacing. The total spectral width
of the photon is chosen in such a way that it covers all
the seven peaks of the frequency comb.
A. Non-uniform comb spacing
We start with random spacing between the teeth of the
comb as that is the most common trait in I-AFC. In order
to introduce the randomness in the comb spacing, we
randomly shift each of the tooth of an otherwise uniform
comb. Hence, n-th tooth acquires a random shift γnr
which is a random number in some limit [−γr, γr]. In
this scenario, the propagator D reads
D =
3∑
n=−3
γαn
γ/2 + i(n∆ + γnr + ω)
+
iω
c
. (12)
Each of the atoms in the ensemble has a frequency comb
attached characterized by a different propagator D due to
randomness. In our numerical calculations, we calculate
the output electric field from each of these atoms and
calculate the intensity of the output light by adding
the intensities from each of the atoms. Using this we
10 15 20 25 30 35 40×γ
0
0.1
0.2
0.3
0.4
0.5
γr
η¯ 1
Finesse 120 100 80 60
FIG. 2. (Color online) Here we have plotted the efficiencies as
a function of the fluctuation strength γr of the comb spacing
and for various values of the finesse F = ∆/γ. We have chosen
the optical depth β = αL = 30 and tooth width γ = 5MHz.
The fluctuation strength is measured in the units of the tooth
width γ. From these plots we can see that although the
efficiency is decreasing as we increase the randomness, the
efficiencies are significant even at very large fluctuations.
calculate the forward and backward efficiency for this
configuration and average it over a large number of trials.
In Fig. 2 we plot the forward efficiencies as a function
of randomness γr for different values of finesse F .
Here γr is taken as a multiple of the tooth width γ.
we observe that the efficiency drops with increasing
randomness. However, increasing the finesse results in
higher efficiency. In these plots, we have kept the finesse
such that the neighboring teeth do not merge due to
random fluctuations. One of the most striking conclusion
we can draw from these plots is that the I-AFC is very
robust against large fluctuations in the comb spacing.
In order to calculate the efficiency in the backward
propagating modes, we need to compare the efficiency
plots for the I-AFC and AFC as functions of the
propagation length L and calculate the absorption
coefficient α˜, which will be used to estimate the efficiency
in the backward mode. In Figs. 3(a)-3(d) we plot the
forward efficiencies of AFC (solid curves) and I-AFC
(dots) for various values of the finesse F . We notice that
for randomness γr > 25γ in Figs. 3(c) and 3(d) the two
efficiencies do not match which makes the calculations of
the backward efficiencies difficult. For randomness < 20γ
Figs. 3(a)-3(b) we can see strong overlap between AFC
and I-AFC. Using these plots we calculate the efficiency
in the back scattering for randomness 15γ and 20γ which
are close to 85% and 80%, respectively (Figs. 3(e)-
3(f)). Interestingly, the efficiency in these plots shows
improvement as we increase the finesse which can easily
be achieved by increasing the external magnetic field.
Therefore, the effect of the fluctuations in the comb
spacing on the efficiency can easily be mitigated.
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FIG. 3. Forward mode efficiencies vs length in I-AFC (dots) and AFC (lines) for the randomness 15γ (a), 20γ (b), 25γ (c)
and 30γ (d). Backward mode efficiencies of I-AFC for the randomness 15γ (e), 20γ (f). In the inset are the different values of
finesse
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FIG. 4. Incoherent efficiencies as a function of fluctuation
strength in optical depth αL, respectively. Here the average
optical depth αL = 30 and γ = 5MHz. Here we can see that
the efficiencies increase with finesse and the strength of the
fluctuation has negligible effect of the efficiencies.
B. Non-uniform optical depths
The optical depth of various teeth in I-AFC in
natural atoms is non-uniform in general. The non-
equal transition probability between different atomic
states is one of the biggest contributor to such non-
uniformity. This can be further exaggerated by random
environmental effects. Assuming the worst, in this
section we study the effect of fluctuation in the optical
depths of different teeth of the I-AFC on the efficiency
of the quantum memory. Similar to Sec. III A, we
incorporate the fluctuating optical depth in I-AFC
dynamics by adding randomness in the propagator D as
follows
D =
∑
n
(αn + d
n
r )
1/2 + i/γ(n∆ + ω)
+
iω
c
. (13)
where dnr ∈ [−dr, dr] determine the fluctuations in the
optical depth.
In Fig. 4 we plot efficiency as a function of the
randomness dr. The different curves are for different
finesse ranging from F = 20 to F = 100. Interestingly,
the fluctuations in the optical depth has little effect on
the overall efficiency. Even for fluctuations as large as
a third of the average optical depth the efficiency is
almost the same. Therefore, we can conclude that the
fluctuations in the optical depth does not play any major
role in the photon-echo or the efficiency of the quantum
memory.
C. Thermal distribution
Typically, thermal effects are the most significant
contributor towards decoherence in any quantum system.
This is considered to be the main cause of inefficient
quantum memories at high temperatures. The thermal
effects mainly reflect as Doppler broadening of the
6transition lines in an atomic ensemble and as incoherent
thermal distribution of the population of energy
eigenstates. Since the frequency comb is attached with
each of the atom in an I-AFC, the Doppler broadening
has very little effect on the efficiency [33]. In this section
we study the effect of thermal population distribution of
the atomic energy levels on the efficiency in I-AFC.
The typical frequency of an optical transition (∼
1015Hz) is much greater than the thermal frequency
(∼ 1013Hz) at 100k; therefore, most of the atoms are
found in the ground states. However, in an I-AFC
the frequency comb is constructed using the transitions
between the degenerate ground states and excited states.
The degeneracy in the ground and excited states are
lifted by applying external magnetic field which results in
a frequency comb of ground states spanning few hundred
Giga Hertz. At non-zero temperature the initial state
of the atomic ensemble will be a thermal distribution
over the ground states. Surprisingly in I-AFC, the only
role of the ground state population ρmm is to affect the
optical depth as shown in Eq. (9b). At temperature
T , the population of the m-th ground state is given
by ρmm = exp(−Em/KbT )/Z where Em is the energy
of the m-th state, Kb is the Boltzmann coefficient and
Z =
∑
m exp(−Em/KbT ) is the partition function. This
will affect the absorption coefficient as [Eq. (9b)]:
αnm = N |dnm|
2ωL
2~cγ
exp(−Em/KbT )
Z
. (14)
As we know from Sec. III B that the fluctuation in the
optical depth has very little effect on the efficiency; we
conclude that the I-AFC is robust against thermal effects.
IV. CONCLUSION
In conclusion, we have shown that the I-AFC based
quantum memory is robust against a large class of
adversities. Since, I-AFC is realized in each individual
atom of an ensemble, the non-uniformity in terms of
the comb spacing and the teeth height is the biggest
factor that can affect the quality of the quantum memory.
On the other hand, temperature can cause decoherence
in the frequency comb, destroying the capability to
store and retrieve photons on demand. We numerically
study the effect of all these non-uniformities and thermal
environment on the quality of the I-AFC.
Various types of non-uniformities were incorporated
by introducing random fluctuations in the concerned
parameters and the efficiency of the photon-echo
was calculated by averaging over many runs of the
simulations. In our calculations, we found that the
quality of the I-AFC persists even for large fluctuations in
the comb spacing. Whatever little effect the fluctuations
have on the efficiency of the quantum memory can be
mitigated by increasing the finesse of the I-AFC by means
of external magnetic field. Furthermore, the fluctuations
in the teeth heights and the thermal environment has
negligible effect on the quality of quantum memory. This
conclusively establish the tenacious nature of the I-AFC
and makes it one of the strongest candidates for high-
temperature quantum memory.
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